Background: The deuteron shows the essential features of short-range correlations found in all nuclei. Experimental observables related to short-range correlations are connected with the high-momentum components of one-and two-body momentum distributions. An intuitive understanding of short-range correlations is provided by the suppression of the two-body density in coordinate space at small distances.
I. INTRODUCTION
The quantum analogue to the classical phase space distribution introduced by Wigner [1] has been investigated in many areas for a better semi-classical perception of quantal systems. Reviews of Wigner and related phase space distributions are given in [2] [3] [4] .
Wigner functions are quite popular in particle physics as a tool to understand nucleon parton distributions [5] [6] [7] . In the context of nuclear structure Wigner functions have been studied for shell model wave functions [8, 9] but to our knowledge only for effective and not for realistic interactions. On the other hand the issue of short-range correlations induced by realistic interactions has been studied widely. Short-range correlations can be investigated in coordinate space where they are reflected in a suppression of the two-body density at short distances or in momentum space where they manifest themselves in high-momentum components of one-and two-body densities. This short-range physics is usually contrasted with the low momentum part that contains mainly long-range correlations which are describable by superpositions of a smaller number of uncorrelated Slater determinants.
Different from considering of the coordinate density and momentum density separately, the Wigner distribution provides explicitly relations between the position and momentum. Therefore we believe that the phase space nature of the Wigner function furnishes a better intuitive picture and helps in understanding how long-and short-range or low-and highmomentum physics comes together. On the other hand it has been shown in many publications [10] [11] [12] [13] [14] [15] [16] that the short range * email: t.neff@gsi.de correlations which are induced by the nucleon-nucleon interaction show a universal behavior and look very similar in all nuclei including the deuteron. To keep everything simple we therefore restrict ourselves in this paper to the deuteron where the full information about the system is contained in the wave function for the relative motion and explore in how far the Wigner distribution provides additional insight into the contributions of short-and long-range physics.
Nucleons are the effective degrees of freedom for low energy nuclear physics and they interact through an effective nucleon-nucleon force. The long range part of the nucleonnucleon interaction is determined by pion exchange. At intermediate distances two pion exchange becomes dominant. The short distance behavior is modeled in different ways. The Argonne v 18 (AV18) and v 8 (AV8') interactions [17] use a local phenomenological form, while interactions derived from chiral perturbation theory employ regulators. The popular Idaho interaction [18] derived from chiral perturbation theory (N3LO) uses non-local cut offs in momentum space. Recently the choice and form of regulators has been discussed intensively [19, 20] . In particular inconsiderate manipulations of momentum space matrix elements can lead to highly non-local interactions as has been shown in Ref. [21] where a phase-space representation of the nucleon-nucleon interaction has been presented.
Independent of the choice of regulators all these interactions describe the nucleon-nucleon scattering data up to pion production threshold and the deuteron properties equally well (their parameters are fitted to the scattering data). However due to the different choices of regulators these interactions show a quite different behavior at short distances or high momenta. These differences are reflected in the short-range correlations obtained with different interactions. In Ref. [16] twobody densities in coordinate and momentum space in 4 He for the AV8' and chiral N3LO interaction have been investigated. In nuclear many-body calculations a special treatment of short-range correlations is necessary to make a solution of the many-body problem possible. This can be achieved by either including short-range correlations explicitly, for example with Jastrow correlation functions, or by employing renormalized interactions. The similarity renormalization group (SRG) is a very popular approach that allows to soften the interaction by means of a unitary transformation [22] [23] [24] . By using SRG transformed interactions the high-momentum components in the wave function get eliminated. However the short-range or high-momentum information is not lost and can be recovered by correspondingly transforming observables (density operators). This has been shown in the deuteron [25, 26] and in 4 He [16] .
In this paper we will investigate the Wigner function of the deuteron for the AV8' and N3LO interactions. Comparing with the Wigner function obtained with the SRG softened interactions allows to isolate the short-range correlation effects. In Sec. II we will discuss the Wigner function and how it can be calculated for the deuteron. In Sec. III we discuss the Wigner function, reduced Wigner functions and partial coordinate space and momentum space distributions obtained by integrating the Wigner function over ranges of distances or relative momenta. Furthermore we discuss tensor correlations in coordinate and momentum space. We give a summary and conclusions in Sec. IV. Technical details about the calculation of the Wigner function are given in the Appendix.
II. METHOD

A. Wigner function
The Wigner function introduced in 1932 by Wigner aimed at finding a quantum phase-space distribution that depends on both, coordinate and momentum and becomes the classical phase-space distribution in the limit of large particle numbers or where detailed phases in the many-body system do not matter anymore. For a system with a single degree of freedom described by a wave function it is well known that the Heisenberg uncertainty relation puts limits on the classical interpretation of the Wigner function, like the appearance of areas where it is negative.
Let ρ be a density that describes a single degree-of-freedom (e.g. the one-body density). Then the expectation value of an one-body observable O is given by
One arrives at Eq. (3) by taking the trace in coordinate representation and changing variables to r = (r + r )/2 and s = r − r . The insertion of the δ-function 
one arrives at the expression
which looks like the classical expression when identifying the Wigner function W(r, p) as the phase space distribution and the Weyl representation O W (r, p) as the classical observable depending on r and p. But Eq. (10) is still quantum mechanically exact. Eqs. (7) and (9) give the Wigner and Weyl representation in terms of the momentum basis, respectively. For any local operator, i.e. O = O( r) the matrix elements in Eq. (8) are diagonal and hence the Weyl representation is just the classical analogue O W (r, p) = O(r), not depending on p. With Eq. (7) one sees that the analogue holds true for an observable O = O( p) that depends only on the momentum operator p, here O W (r, p) = O(p). For products of noncommuting operators like x and p x the correspondence need not be one-to-one. In particular the reverse mapping going from a classical observable O W (r, p) to the corresponding operator O( r, p) is subtle [2] .
B. Deuteron wave function
The full information about the deuteron is contained in its eigenstate Ψ; JM . Due to the properties of the nuclear force the state with J = 0 is not bound and the only bound state is found in the J = 1 channel. In this channel we have total spin S = 1 and strong contributions from the tensor force which couples orbital angular momentum L = 0 and L = 2 with the total spin S = 1 to total angular momentum J = 1. The wave function of the deuteron is thus given by In this paper we expand the wave functions using Gaussian basis functions (12) where a k are the width parameters. The Gaussian basis functions have been chosen because they make the calculation of the Wigner function simpler as will be explained later. We solve the eigenvalue problem using the Gaussian basis a k = a 0 × 2 k with a 0 = 0.01 fm 2 and k = 0, 1, . . . , 13. The deuteron wave functions in coordinate and momentum space for AV8' and N3LO interactions are shown in Fig. 1 . The stronger short-range repulsion of the AV8' interaction is reflected in the more pronounced suppression of the coordinate space wave function at small distances and in the tails of the momentum space wave function. The AV8' interaction also has in addition a 'harder' tensor force, the L = 2 high momentum components extend to higher momenta compared to those obtained with the N3LO interaction. The N3LO wave functions also reflect the properties of the regulator. The kink in the coordinate space wave function at distances of about 4 fm shows that the long-range behavior of the interaction is changed by the regulator. A different regularization scheme for the chiral interactions with local regulators for the pion exchanges does not show such a behavior [20] .
C. Wigner function
One can also express the information about the deuteron in the density matrix for a pure state with definite orientation
In the case that we have no information about the orientation of the deuteron (unpolarized) the density matrix is
In this case the density operator is a scalar operator and all observables will be invariant under rotations. In the following we will always discuss this case.
The most general Wigner function that contains all information is given by a matrix in spin space
The calculation of the Wigner function is not trivial as the integration over s deals with three independent vectors r, p and s. Expanding the wave function with Gaussian basis functions simplifies the integration over s. For a pure S -wave function it becomes a simple Gaussian integration. In Appendix B we give some more details.
The general matrix valued Wigner function can be reduced by taking the trace in spin space
where the sum is over all spin orientations. Thus it contains no information about the spin orientation any more. As there is no preferred orientation, W(r, p) only depends on r = |r|, p = |p| and the angle between r and p, cos ϑ = (r · p)/(rp).
If we are not interested in the angular correlations between r and p we can further reduce the Wigner function to
As mentioned earlier the most general Wigner function matrix contains the full information about the system and we can calculate for example coordinate space densities
and momentum distributions
from the Wigner function. Without information about the spin orientation the coordinate space densities and momentum distributions are scalar objects:
The Wigner function can of course also be used to calculate the full off-diagonal density matrix
III. RESULTS
A. Reduced Wigner function W(r, p)
The reduced Wigner function W(r, p) only depends on the absolute values of distance and relative momentum and hides or averages out spin information that is contained in the full Wigner function matrix W M S ,M S (r, p).
The Wigner functions obtained with the AV8' and N3LO interactions are shown in Fig. 2 . The Wigner function con- tains the combined information about coordinate and momentum space and can be considered as the analogue of the classical phase space distribution. Contrary to a classical phase space distribution the Wigner function can become negative which makes clear that it can not be interpreted as a true probability distribution. The non-positivity reflects Heisenberg's uncertainty principle which does not allow to determine position and momentum with arbitrary precision at the same time.
In the following we will nevertheless treat the Wigner function as a kind of probability distribution and argue about "contributions from small or large distances to the momentum distribution" or "low and high momentum components of the coordinate space density". This is not meant in the sense of an observable quantity. Observable probabilities are always traces and integrals over large enough (given by the uncertainty relation) phase space volumes. The discussions presented in the following will however disentangle how specific phase space regions contribute to the total result.
The Wigner function shows some characteristic and maybe surprising features. The first observation is that the Wigner function takes its maximal values at r = 0 although the coordinate space wave function is suppressed due to the repulsive core at small distances. Apart from the short distance region the Wigner function W(r, p = 0) falls off slowly as one would expect from the deuteron wave function. If we follow the Wigner function along the momentum axis W(r = 0, p) it falls off rapidly and becomes negative at p 1 fm −1 . This can be interpreted as the effect of the repulsive core. The suppression of the density at small distances is therefore caused by a cancellation of the positive contributions from small momenta with those from large momenta. If we look at larger distances of about 1 − 1.5 fm the Wigner function stays positive even for large relative momenta.
The probability densities in coordinate and momentum space are linked to the Wigner function by
To relate the Wigner function to these 'projections' on the coordinate or momentum axes it is therefore advantageous to show the Wigner function scaled with the phase space volume element r 2 p 2 . This is displayed in Fig. 3 . These scaled Wigner functions can be interpreted as the quasi-probability distribution to find the nucleons at distance r and relative momentum p. In this view the Wigner function is dominated by a peak that extends to large distances but only small momenta. This can be identified as the low-momentum contribution. Apart from this dominating peak there is a shoulder extending to large relative momenta for distances of about 1 − 1.5 fm. This shoulder reflects the correlated part of the wave function that has its origin in the short-range correlations.
At larger distances and momenta the Wigner function shows oscillations that roughly follow a r · p ≈ const pattern. These oscillations have their origin in the interference of the short-range and the long-range components of the wave function. This is exemplified and explained in Sec. A where the Wigner function of a schematic wave function given by a superposition of a short-and long-range Gaussian is investigated.
B. Wigner function for SRG evolved interaction
The similarity renormalization group (SRG) is used to transform realistic interactions into soft realistic interactions [22] [23] [24] . With increasing flow parameter α the interaction is more and more softened. The effect of the SRG evolution on the two-body densities in coordinate and momentum space has already been investigated in [16] . With increasing flow parameter α the suppression of the two-body density at short-distances and the high momentum components in the two-body momentum distribution get eliminated. In Fig. 4 we show the Wigner function for the SRG evolved AV8' interaction. It can be seen that the low-momentum part of the Wigner function (p 1.0 fm −1 ) is essentially unchanged not only at large but also at small distances as a function of the flow parameter. On the other hand the high-momentum region is strongly affected by the SRG transformation. The high momentum shoulder that can be seen in the Wigner function of the bare interaction gets more and more washed out with increasing flow parameter α. We can also observe a change in the characteristics of the mid-momentum region (1 fm part as can been easily seen for the schematic wave function discussed in Sec. A. C. Partial momentum distributions n < (p) and n > (p)
In the upper part of Fig. 5 we show the partial momentum distributions
for the AV8' interaction that are obtained by integrating the Wigner function W(r, p) over a region of small distances and large distances respectively. The separation distance distance r sep was chosen here to be at 1.0, 1.2 and 1.4 fm. If we look at the momentum distributions obtained from the pairs at small distances we find that they are essentially identical with the full momentum distribution for momenta larger than about 2.0, 2.5 and 3.0 fm −1 respectively. They also contribute at smaller momenta but here the large distance pairs dominate. In the mid-momentum region the contribution from small distance pairs is even negative. This is again reflecting the nonclassical nature of the Wigner function. The negative contributions are of course compensated by the large distance pairs whose partial momentum distribution in the mid-momentum region is larger than the full momentum distribution. The lowmomentum region of the momentum distribution is given almost exclusively by the large distance pairs.
Interestingly the corresponding partial momentum distributions for the N3LO interaction displayed in the lower part of Fig. 5 do not show this nice separation between small and large distances. The separation distances are chosen as 1.0, 1.5 and 2.0 fm. As can be seen one has to go to much larger distances than for the AV8' interaction in order to capture the high momentum components. This can be related to the prop-
α=���� �� erties of the non-local regulator that affects the deuteron wave function even at large distances. This is also a reminder that high momenta are related to large curvature of the wave function and not necessarily to short distances. For the AV8' interaction large curvatures are restricted to short distances, at larger distances the wave function is smooth and shows no large curvature. Here short distance and large momenta correlate. This is not the case for the N3LO interaction. The 'kinks' generated by the chosen regularization procedure, that can be seen in the deuteron wave function at large distances ( Fig. 1) , contribute to the high momentum components of the momentum distribution.
It is also interesting to compare the partial momentum distributions obtained with the bare interaction with those obtained with a soft SRG evolved interaction. In Fig. 6 this is shown for the bare and SRG evolved AV8' interaction and for a separation distance of 1.2 fm. In case of the soft SRG interaction the momentum distribution has no high-momentum components and the contributions from distances larger than 1.2 fm completely dominate over the contributions from small distances for all momenta.
D. Partial coordinate space distributions ρ < (r) and ρ > (r)
In the upper part of Fig. 7 we show the partial coordinate space densities
obtained from low-and high-momentum pairs for the AV8' interaction. The separation momentum p sep is taken to be at 1.0, 1.5 and 2.0 fm −1 . Here we can clearly see that the coordinate space distribution at large distances r 2 fm is determined exclusively by low-momentum pairs. It is interesting to observe that the low momentum pairs do not show a suppression of the coordinate space density at small distances. The partial coordinate space density ρ < (r) from the p < 1.0 fm low-momentum pairs looks like what one would expect for a smooth potential without a repulsive core which does not induce strong correlations and thus would be suited for meanfield descriptions. The partial coordinate space density ρ > (r) density obtained from the high-momentum pairs shows two characteristic features (right hand side of Fig. 7) . The first observation is that it is restricted to small distances and the second is that it takes negative values at small distances. In this picture one understands the correlation hole in the full coordinate space density as the cancellation of contributions from low-and high-momentum pairs with different signs. This genuine feature of the Wigner representation is illustrated and discussed further in Appendix A.
For the N3LO interaction the partial coordinate space densities shown in lower part of Fig. 7 are less sensitive to very high momenta and the total momentum distribution is close to that obtained by taking all momentum up to 2 fm −1 into account.
Again it is interesting to isolate the contribution from shortrange correlations. In Fig. 8 we compare the partial coordinate space densities ρ ≶ (r) for the bare AV8' and the SRG evolved AV8' interactions. For the soft SRG interaction the coordinate space density is determined completely by relative momenta up to p ≈ 1.3 fm −1 . With the soft interaction the highest density is found when the nucleons sit on top of each other. As already discussed the situation is very different for the bare interaction. Here we can clearly divide the contributions from low momenta that provide a partial density distribution that looks similar to that of the soft interaction and from high momenta that contribute only at distances up to r ≈ 2 fm and that become strongly negative at small distances. The effect of
α=���� �� reducing short-range correlations by softening the interaction with the SRG evolution is also highly visible in the Wigner representation.
E. Angular correlations W(r, p, ϑ)
In this section we explore the dependence of the Wigner function W(r, p) on the orientations of the distance vector r and the relative momentum vector p. Due to rotational invariance the Wigner function depends only on the relative orientation of r and p, so that W(r, p) = W(r, p, ϑ).
This dependence on the angle ϑ is shown in Fig. 9 for the AV8' interaction. The oscillatory behavior of the Wigner function depends strongly on the angle ϑ. The uncertainty relation demands that distance and relative momentum in the same direction must fulfill
However no such relation holds for distance vectors and momenta perpendicular to each other. In this case (ϑ = 90 • ) the Wigner function is very smooth and is concentrated in the low-momentum region. If the vectors are parallel or antiparallel (ϑ = 0
• ) the Wigner function oscillates strongly. Compared to the perpendicular case we can also observe that the Wigner function is reduced in the low-momentum region but we find relatively large contributions at higher momenta.
This indicates that the low-momentum part is dominated by the contributions where distance vectors and relative momenta are mostly perpendicular whereas the high-momentum or short-range component is related to configurations when distance and relative momentum are parallel or antiparallel. This is highlighted in Fig. 11 where we show the partial momentum (coordinate space) densities obtained by integrating over all distances (momenta) but restrict the integration range for the angles. The coordinate space distribution at large distances is given by the contributions from large angles whereas the short distances are dominated by the small angle contributions. Interestingly this dominance of small angle contri- 
α=���� �� butions at short distances is not seen for the SRG evolved interaction. Here the long-range part is still dominated by large angle contributions but at short and mid distances small and large angles contribute almost equally. In the partial momentum distributions we can observe that the large angle contributions dominate the low momentum region with the exception of very small momenta where small and large angles contribute equally. The mid and high momentum region on the other hand is dominated by the small angle contributions. Fig. 10 displays the Wigner functions at the same angles as Fig. 9 but for the SRG evolved AV8' interaction. Again for r perpendicular to p (ϑ = 90
• ) the Wigner function is very smooth with a low momentum peak that is very similar to that obtained with the bare interaction. At smaller angles one can observe again oscillatory behavior that is however strongly suppressed in amplitude at larger momenta compared to the results with the bare interaction.
F. Angle distribution Θ(ϑ)
Inspired by the discussion for the Hydrogen atom in [28] we integrate the Wigner function W(r, p, ϑ) over distances and momenta to obtain the probability as a function of the angle between distance and relative momentum vector Also here we can define partial angle distributions Θ ≶ (ϑ) by integrating only over small or large distances or over low and high momenta. The results are shown in Fig. 12 for the AV8' and SRG evolved AV8' interactions. For the soft SRG interaction the probability peaks at ϑ = 90
• . For a classical circular orbit only the angle ϑ = 90
• would contribute. Another extrem case is given by a simple Gaussian wave function which has no correlation between the orientation of distance vector and relative momentum so that Θ(ϑ) is flat. The Wigner function obtained with the soft SRG interaction however deviates from the Gaussian wave function and shows a correlation in the relative orientation of distance vector and relative momentum that is qualitatively similar to that found in the hydrogen atom [28] . For the bare interaction the behavior of Θ(ϑ) is more complicated. There is a pronounced dip at ϑ = 90
• that is obviously related to the high momentum pairs.
G. Spin dependence and tensor correlations W M S ,M S (r, p)
Although the Wigner function W M S ,M S (r, p) is a scalar quantity as we have averaged in Eq. (14) over all orientations of the total angular momentum it is possible to have correlations between the spin orientation given by M S and the spatial orientations given by r and p. Such correlations indeed exist in the deuteron because of the tensor force and the admixture of the L = 2 component in the wave function. In the case of the coordinate space densities this leads to the famous "dumpbell" and "donut" shapes [11, 15, 29] for M S = ±1 and M S = 0 respectively. Using the Wigner The spin is aligned along the z-axis. Total density on top, followed by the partial densities from low, medium, and high momentum regions.
functions W M S ,M S (r, p) we can try to shed further light on the origin of these tensor correlations.
In Fig. 13 where we show the total density distribution ρ M S (r) and the partial density density distributions The total density distribution ρ M S =1 (r) illustrates the correlations in the deuteron quite nicely. At small distances the density is suppressed due to the repulsive core of the interaction. As the tensor interaction is attractive when the nucleons are aligned along the spin orientation the density distribution is also aligned along the spin direction (for M S = 1 along the zaxis). In the perpendicular direction the density is suppressed.
The partial density distributions allow to analyze the contributions from particular momentum regions to the total density. The contributions from small momenta p 1 fm −1 show almost no correlation between spin and density. As discussed in Sec. III D for the spin independent partial coordinate space densities the low momentum region also show no suppression of the density at small distances. The strongest correlations with the spin direction can be seen in the contributions from the mid-momentum region. This is also characterized by negative contributions to the density in the region of the repulsive core and a stronger spatial localization. The contributions from higher momenta show less tensor correlations and are more localized.
The total momentum distribution n M S =1 (p) displayed in Fig. 14 , shows a clear dependence on the spin orientation in the mid-momentum region. The momentum distribution has a dip at p z ≈ ±1.5 fm −1 for momenta parallel to the spin orientation but takes finite values for larger angles between spin and momentum direction.
IV. SUMMARY AND CONCLUSIONS
The Wigner function can be considered as the phase space representation of quantum mechanics and allows to study correlations between coordinate and momentum space. In this paper we restrict ourselves to a very simple system -the deuteron -to investigate short-range correlations with the Wigner function. Despite this restriction to the two-body system the results are expected to be representative also for heavier nuclei due to the universality of short-range correlations in nuclei [13, 15] . Short-range correlations have been studied either in coordinate space, where a suppression of the density at small distances induced by the repulsive core of the nucleon nucleon interaction is observed, or in momentum space where short-range correlations are reflected in high-momentum components of the one-, or more clearly, of the two-nucleon momentum distributions. The Wigner function furthermore makes a comparison with the classical picture possible and highlights the quantum-mechanical nature of short-range correlations.
The full information about the system is contained in the Wigner function W M S ,M S (r, p) that depends not only on the absolute values of the distance r and the relative momentum p of the nucleons but also on the orientation of distance and momentum with respect to each other and with respect to the orientation of the spin S. Reduced Wigner functions are obtained by summing over all possible spin orientations, W(r, p), and by further integrating over the angles between distance and relative momentum, W(r, p).
The Wigner functions W(r, p) obtained with realistic AV8' and N3LO interactions show a characteristic behavior. One can distinguish between a dominant low-momentum region that is unaffected by short-range correlations and a highmomentum region that shows a shoulder at distances up to 1.5 fm and that extends to high relative momenta. Another characteristic feature is an oscillating behavior of the Wigner function extending to large arguments rp ≈ const.. The contribution of short-range correlations is highlighted when the Wigner functions for the bare AV8' and N3LO interactions are compared to those obtained with softened interactions in the SRG approach. The SRG transformation decouples lowand high-momentum modes and essentially eliminates shortrange correlations. This is reflected in the Wigner functions that are very similar to those obtained with the bare interactions in the low-momentum region, but that become more and more suppressed in the high-momentum region with increasing flow parameter.
The oscillating behavior is strongly related to the angular dependence of the Wigner function W(r, p, ϑ). Strong oscillations are found for ϑ = 0
• when distance vector and relative momentum are parallel, but there are no oscillations for ϑ = 90
• when distance vector and relative momentum are perpendicular. This is a direct consequence of Heisenberg's uncertainty principle. In the reduced Wigner function W(r, p) one averages over all angles and obtains an oscillatory behavior between these two extremes. The general behavior of the Wigner function with its low-and high-momentum part can be understood in a schematic model where the deuteron wave function is described as a superposition of a long-ranged (lowmomentum) and a short-ranged (high-momentum) Gaussian. This schematic model illustrates the importance of the interference between the low-and high-momentum components. This interference effect plays an essential role for the oscillatory behavior of the Wigner function, the suppression of the coordinate space density at short distances and the dip in the S -wave momentum distribution around 1.5 fm −1 .
If the Wigner function is interpreted as a quasi-probability distribution one can define partial momentum distributions that are obtained by integrating over pairs at small and large distances respectively. In case of the AV8' interaction there is a clear separation between a small-and large distance scale.
Pairs at small distances generate the high-momentum components. This separation is not so clear for the N3LO interaction. This interaction contains regulators that affect the wave function even at large distances and generate high-momentum components. The partial coordinate space densities obtained by integrating over low-and high-momentum regions respectively provide a complimentary picture to the momentum distributions. Low-momentum pairs generate coordinate space densities that do not reflect the short-range repulsion and show no suppression at short distances. To generate this suppression at small distances one needs the high-momentum pairs that contribute negatively to the total density at small distances.
Short-range correlations are not only generated by the repulsive core of the interaction but also by the tensor force. The tensor force is responsible for the dominance of protonneutron over proton-proton pairs as observed for example in (e, e pN) experiments [30, 31] . To isolate the effects of tensor correlations it is necessary to look at correlations between the spin orientation and spatial densities. Correlations between spin and spatial degrees of freedom have their origin in the D-wave component of the deuteron and these become only visible in the mid-momentum region around 1.5 fm −1 where the S -wave component has a node and the D-wave component becomes the dominating component.
Our analysis of the Wigner function emphasizes the fact that short-range correlations are of quantum-mechanical nature and can not be understood in classical terms. In a classical picture the system would occupy a single point in phase space. Due to the repulsive core of the interaction this would correspond to an orbit at a distance of about 1 fm where the potential has a minimum. For such an orbit the relative distance vector and the relative momentum are perpendicular to each other (ϑ = 90
• ) and the kinetic energy is given by angular motion only. The quantum mechanical picture is quite different. To lower the total kinetic energy the system delocalizes and spreads over all phase space as reflected in the Wigner function. This is the case even for a soft interaction that shows a low-momentum peak that extends over a large range of distances. In the presence of short-range and tensor correlations the system also extends into the high-momentum region where one can find pairs with high virtuality.
Appendix A: Schematic two-Gaussian model
To illustrate the properties of the Wigner function and how they are related to the densities in coordinate and momentum space it is helpful to discuss a schematic model with a wave function given as the superposition of a long-ranged and a short-ranged Gaussian. In this simple picture it is easy to disentangle the contributions from short-and long-range (low-and high-momentum) parts of the wave function and it becomes obvious that the interference between these components plays a crucial role.
In the schematic model the total wave function
is given by the superposition of two components that are nor-
(Color online) Coordinate space density for the schematic two Gaussian wave function. The total density is given by the dashed line. The sum of the diagonal contributions ρ 11 (r) and ρ 22 (r) are canceled at short distances by the interference term ρ 12 (r).
malized Gaussians
The width parameters a 1 = 4.0 fm 2 and a 2 = 0.25 fm 2 are chosen to approximately reproduce the scales of the deuteron wave function. The parameters α 1 = 1.0315 and α 2 = −0.1164 are determined such that the wave function ψ(r) is normalized and suppressed at the origin by 90% compared to that of ψ 1 (r).
In momentum space the wave function is then given bỹ
with the Fourier transformed Gaussians
At small momenta this wave function is dominated by the long-ranged componentψ 1 (p), at high momenta by the shortranged componentψ 2 (p). As the coefficients α 1 and α 2 have opposite signs the momentum space wave function will have a node. These properties of the wave function are of course reflected in the coordinate space density shown in Fig. 15 . The total density is given by
with the positive diagonal contributions of the long-and shortranged Gaussians
and the negative contribution from the interference term
Obviously the interference term is not a small correction but plays an essential role at distances up to about 1 fm. The correlation hole is created by the cancelation of the direct and the interference contributions.
The momentum distributions are shown in Fig. 16 . As in coordinate space we decompose the total momentum space density
in direct and interference contributions. In momentum space the interference term plays an important role only at intermediate momenta. As the momentum space wave function has a node at p ≈ 1.5 fm −1 also the momentum space density has to vanish there. In terms of the densities this is achieved by the cancelation of direct and interference contributions.
The Wigner function for the schematic model can be decomposed in a similar fashion into diagonal and off-diagonal contributions
In Fig. 17 we show the total Wigner function W(r, p) and the individual diagonal and off-diagonal contributions. The total Wigner function of the schematic model is similar to that of the deuteron. We find a large low-momentum peak and an oscillating behavior at larger momenta with the 'shoulder' at small distances extending to larger momenta. Because of the Gaussian wave functions the diagonal contributions W 11 (r, p) and W 22 (r, p) are purely positive and show no oscillations. The Wigner function of the long-ranged Gaussian W 11 (r, p) essentially gives the full low-momentum part of the full Wigner function. The contribution of the short-ranged Gaussian W 22 (r, p) is restricted to the short-distance region and its absolute contribution is very small, much smaller than the contribution from the interference term W 12 (r, p). The interference term also shows the characteristic oscillatory behavior that can be traced back to the oscillating term Eq. B5 in Eq. B1. It explains the origin of the oscillations as interferences between short-and long-range components (different widths a m and a n ) and also their dependence on cos ϑ. All 2 for the schematic two-Gaussian wave function, followed by the diagonal contribution of the long-ranged Gaussian W 11 (r, p), the diagonal contribution of the short-ranged Gaussian W 22 (r, p), and the interference term W 12 (r, p).
these basic properties can also be seen in the realistic deuteron Wigner function.
Wigner function in the general case
In the general case one has to evaluate for the spatial part of the Wigner function integrals of the form
where we have already recoupled the orbital angular momenta L 1 and L 2 of the bra and ket states. We also make use of solid spherical harmonics
to obtain a m a m + a n , r 2 = 2 a n a m + a n ,
a m a n a m + a n ,
a m a n a m + a n .
Using the properties of the tripolar harmonics the integral can be solved analytically We make use of the following properties of tripolar spherical harmonics as given in [33] . With r = r 1 + r 2 + r 3 the solid harmonic Y LM (r) can be expanded using tripolar spherical harmonics: 
The recoupled product of tripolar spherical harmonics with the same arguments is given by 
In the special case l 1 = 0 (corresponding to the s variable) this simplifies with l 1 = l 1 and λ = L. We get
L +λ +L 1 (4π) 3 (2l 2 + 1)(2l 2 + 1)(2l 3 + 1)(2l 3 + 1)(2L + 1)(2L + 1)
